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FINSLER GEODESICS IN THE PRESENCE OF A CONVEX
FUNCTION AND THEIR APPLICATIONS
ERASMO CAPONIO, MIGUEL ANGEL JAVALOYES, AND ANTONIO MASIELLO
Abstract. In this paper, we obtain a result about the existence of only a
finite number of geodesics between two fixed non-conjugate points in a Finsler
manifold endowed with a convex function. We apply it to Randers and Zermelo
metrics. As a by-product, we also get a result about the finiteness of the
number of lightlike and timelike geodesics connecting an event to a line in a
standard stationary spacetime.
1. Introduction
In this paper, we extend to Finsler metrics a result about the finiteness of the
number of geodesics joining two fixed points on a Riemannian manifold, see [14].
Moreover, we present two applications of this abstract result. First we show that,
under suitable assumptions, the number of lightlike or timelike geodesics with fixed
arrival proper time joining an event and a timelike curve in a stationary spacetime
is finite. Afterwards, we study the finiteness of geodesics joining two given points
in a manifold endowed with a Zermelo metric.
Let (M,F ) be a non-reversible Finsler manifold; then two conditions of complete-
ness are available: the forward and the backward completeness. As a consequence
of the non-reversibility of the metric, the distance naturally associated to a Finsler
metric is not symmetric. The distance d(p, q) between two points p and q of M is
defined as the infimum of all the lengths, with respect to the Finsler structure F ,
of curves joining p and q on M , so it is
d(p, q) = inf
γ∈Ω(p,q)
∫ 1
0
F (γ, γ˙)ds,
where Ω(p, q) is the set of all the piecewise smooth curves from p to q. A forward
(backward) Cauchy sequence is a sequence {xi}i∈N such that for every ε > 0 there
exists N ∈ N with d(xi, xj) < ε for every j > i ≥ N (i > j ≥ N). The Finsler
manifold (M,F ) is said forward (backward) complete if all the forward (backward)
Cauchy sequences converge. By the Finslerian Hopf-Rinow theorem (see [2, Theo-
rem 6.6.1 and Exercise 6.6.7]) forward (backward) completeness is equivalent to for-
ward (backward) geodesic completeness. We recall that the curve with the reverse
parametrization of a geodesic for a non-reversible Finsler metric is not necessarily a
geodesic. For this reason, we say that the metric is forward (backward) geodesically
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complete when geodesics with constant speed can be extended up to +∞ (up to
−∞).
The main result of the paper is the following: given a forward or backward
complete Finsler manifold that admits a C2 strictly convex function having a
non-degenerate minimum point, then the number of geodesics between two non-
conjugate points is finite (see Theorem 2.4). We will also study the existence of
such convex functions for Randers, Zermelo and Fermat metrics.
Randers metrics were introduced in [23] in order to study electromagnetic fields
in general relativity. Zermelo metrics were introduced in [27] to study the least
time travel path of a body moving under the influence of a mild wind. Fermat
metrics are a particular type of Randers metrics defined on a spacelike hypersurface
of a standard stationary spacetime. They come into play in the development of
a variational theory for lightlike or timelike geodesics on a standard stationary
spacetime, see [6]. Such variational theory allows one to give a mathematical model
for the gravitational lensing effect in astrophysics, see [16, 22].
Randers, Fermat and Zermelo metrics provide the same family of Finsler metrics
(see for example [4, Proposition 3.1]), but they are defined adding to a Riemannian
metric on a manifold M a different geometric object, as a vector field, a positive
function or a one-form. For this reason we study them separately. More precisely,
since several results are known on the existence of convex functions in Riemannian
Geometry (see Section 3.1), we shall study when a convex function for a Riemannian
metric on a manifoldM still remains convex passing to one of the Finsler structures
above (see Propositions 3.3, 3.11 and 3.13).
The paper is structured as follows. In Section 2 we give some basic notions
about Finsler geometry and we obtain the main result about the existence of a finite
number of geodesics joining two fixed points in the presence of a convex function
(see Theorem 2.4). Section 3 is devoted to applications. In subsection 3.1 we obtain
a finiteness result for Randers metrics (see Proposition 3.4). In subsection 3.2 we
use the Fermat metric to obtain some results about the finiteness of the number of
lightlike geodesics or timelike geodesics with fixed arrival proper time, between an
event and a stationary observer (see Proposition 3.11). Finally in subsection 3.3
we deduce a finiteness result for Zermelo metrics (see Proposition 3.13).
2. A finiteness result in the presence of a convex function
Let M be a smooth, connected, finite dimensional manifold and let TM be the
tangent bundle of M ; a non-reversible Finsler metric onM is a function F : TM →
[0,+∞) which is
1) continuous on TM , C∞ on TM \ 0,
2) fiberwise positively homogeneous of degree one, i. e. F (x, λy) = λF (x, y),
for all x ∈M , y ∈ TxM and λ > 0,
3) the square F 2 is fiberwise strictly convex i.e. the matrix
gij(x, y) =
[
1
2
∂2(F 2)
∂yi∂yj
(x, y)
]
is positive definite for any (x, y) ∈ TM \ 0.
The tensor
g = gijdx
i ⊗ dxj
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is called the fundamental tensor of the Finsler manifold (M,F ); it is a symmetric
section of the tensor bundle π∗(T ∗M) ⊗ π∗(T ∗M), where π∗(T ∗M) is the dual of
the pulled-back tangent bundle π∗TM over TM \0 (π is the projection TM →M).
The Chern connection ∇ is the unique linear connection on π∗TM whose connec-
tion 1-forms ω ij are torsion free and almost g-compatible (see [2, Theorem 2.4.1]).
By using the Chern connection, one can define two different covariant derivatives
DTW of a smooth vector field W along a smooth regular curve γ = γ(s) on M ,
with velocity field T = γ˙:
DTW =
(
dW i
dt
+W jT kΓijk(γ, T )
)
∂
∂xi
∣∣∣∣
γ(t)
with reference vector T ,
DTW =
(
dW i
dt
+W jT kΓijk(γ,W )
)
∂
∂xi
∣∣∣∣
γ(t)
with reference vector W ,
where the functions Γijk are called the components of the Chern connection ∇ and
they are defined by the relation ω ij = Γ
i
jkdx
k . A geodesic of the Finsler manifold
(M,F ) is a smooth regular curve γ satisfying the equation
DT
(
T
F (γ, T )
)
= 0,
with reference vector T = γ˙. A curve γ = γ(s) is said to have constant speed if
F (γ(s), γ˙(s)) is constant along γ. Geodesics are characterized as the critical points
of the length and the energy functionals when considered in a suitable class of
curves joining two points.
Let (M,F ) be a Finsler manifold. In analogy with the Riemannian case we say
that a function f : M → R is convex (resp. strictly convex) if for every constant
speed geodesic γ : I ⊂ R → M , f ◦ γ : I → R is convex (resp. strictly convex).
Let f : M → R be a C2 function; a critical point x ∈ M of f is a point where the
differential of the function df(x) is equal to 0 . The Finslerian Hessian Hf of f is
the symmetric section of the tensor bundle π∗(T ∗M)⊗π∗(T ∗M) over TM \0 given
by ∇(df), where ∇ is the Chern connection associated to the Finsler metric F . In
natural coordinates on TM \ 0, the Finslerian Hessian Hf of f is given by
(Hf )ij(x, y)u
ivj =
∂2f
∂xi∂xj
(x)uivj − ∂f
∂xk
(x)Γkij(x, y)u
ivj .
Clearly the functions (Hf )ij are symmetric with respect to the indexes i,j, since
the components Γijk of the connection are symmetric with respect to i,j.
If γ is a constant speed geodesic of (M,F ), then the second derivative of the
function g(s) = f(γ(s)) is given by g′′(s) = (Hf )(γ(s),γ˙(s))(γ˙(s), γ˙(s)). Thus a C
2
function f is convex iff for every (x, y) ∈ TM \ 0, (Hf )(x,y)(y, y) ≥ 0 and it is
strictly convex if (Hf )(x,y)(y, y) > 0 (see also [26, Appendix 4]).
A critical point x of f is called non-degenerate if (Hf )(x,y)(y, y) 6= 0 for any
y ∈ TxM , y 6= 0.
The following two propositions are useful to prove the main theorem of this
section.
Proposition 2.1. Let (M,F ) be a forward or backward complete Finsler manifold
and let f : M → R be a C2 convex function having a non-degenerate critical point
p0. Then p0 is a global minimum point for f and it is the unique critical point of
f .
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Proof. Let γ : [a, b] → M be a non-constant geodesic starting at γ(a) = p0. Then
the function g(s) = f(γ(s)) is convex in [a, b], that is, g′′(s) ≥ 0 for any s ∈ [a, b].
As p0 is a non-degenerate critical point, g
′(a) = 0 and g′′(a) > 0. Clearly g′ is
an increasing function in [a, b], so that g′ ≥ 0. Assume that there exists a point
s0 ∈]a, b] such that g′(s0) = 0, then g′(s) = 0 for any s ∈ [a, s0], which is in
contradiction with g′′(a) > 0. Therefore g′(s) > 0 for every s ∈ [a, b], hence
f(p0) < f(γ(s)) for any s. Now, let q ∈ M an arbitrarily chosen point of M , by
the Finslerian Hopf-Rinow theorem there exists a geodesic γq : [a, b]→M such that
γq(a) = p0 and γq(b) = q. Since we have shown that f(p0) < f(γq(b)) = f(q) and
g′(b) > 0, it follows that p0 is a global minimum and the function f does not admit
other critical points. 
Proposition 2.2. Let f : M → R be a C2 convex function of a forward or backward
complete Finsler manifold (M,F ) and suppose that there exists a non-degenerate
critical point p0 of f (unique by Proposition 2.1). Then
lim
d(p0,x)→∞
f(x) = +∞, and lim
d(x,p0)→∞
f(x) = +∞.
Proof. By Proposition 2.1 if p0 is a non-degenerate critical point of f , then it is
a global minimum and the unique critical point of f . We prove now that for any
diverging sequence (xn)n∈N in M , it holds that limn→∞ f(xn) = +∞.
We assume that the Finsler manifold is forward complete (in the backward com-
pleteness case the proof is analogous).
Let A be a normal neighborhood of p0, i.e., there exists a star-shaped open
neighborhood U of zero U ⊂ Tp0M such that expp0 : U → A is a diffeomorphism
of class C1 in U and C∞ in U \ {0} (see [2, §5.3]). For all x ∈ A \ {p0}, set
u(x) = exp−1p0 (x)/F (p0, exp
−1
p0
(x)), define γx : ]0, F (p0, exp
−1
p0
(x))] → M as γx(s) =
expp0(su(x)) and
φ+(x) =
d
ds
∣∣∣∣
s=F (p0,exp
−1
p0
(x))
f(γx(s)).
Clearly φ+ is C2 in A \ {p0} and non-negative, because convex functions have
increasing derivative. Now fix r ∈ R small enough such that the sphere S+r (p0) =
{y ∈M | d(p0, x) = r} is contained in A, and define
δ+0 = min
x∈S+r (p0)
φ+(x).
The number δ+0 is positive, because otherwise there would exist x ∈ S+r (p0) such
that φ+(x) = 0 and f ◦ γx would be a constant function, in contradiction with the
hypothesis that p0 is non-degenerate.
Now, set
f+0 = min
x∈S+r (p0)
f(x) > −∞.
Moreover, let γn : [0, bn] → M be any minimal geodesic from p0 to xn having
constant speed equal to one, and let gn : [0, bn]→ R be defined as gn(s) = f(γn(s)).
Since the sequence (xn)n∈N diverges, we can suppose that bn > r, so that pn = γn(r)
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is well-defined. By the convexity of f , we get
f(xn) = gn(bn) ≥ gn(r) + g′n(r)(bn − r)
= f(pn) + φ
+(γn(r))(bn − r)
≥ f+0 + δ+0 (d(p0, xn)− r) n−→ +∞.
We can analogously also prove that limd(x,p0)→−∞ f(x) = +∞, by considering the
minimizing unit speed geodesic γn : [cn, 0] → M from xn to p0, the backward ex-
ponential and a compact backward sphere S−r (p0) contained in the image of the
domain of the backward exponential. The backward exponential is defined as
exp−p0(v) = γv(−1), where γv is the unique constant speed geodesic with γv(0) = p0
and γ˙v(0) = v and
φ−(x) =
d
ds
∣∣∣∣
s=−F
(
p0,(exp
−
p0
)−1(x)
) f(γx(s)).
where γx : [−F
(
p0, (exp
−
p0
)−1(x)
)
, 0] → M is now given by γx(s) = exp−p0(su(x))
and u(x) = −(exp−p0)−1(x)/F
(
p0, (exp
−
p0
)−1(x)
)
. Thus we have
f(xn) = gn(cn) ≥ gn(−r) + g′n(−r)(cn + r)
= f(pn) + φ
−(γn(−r))(cn + r)
= f(pn)− φ−(γn(−r))
(
d(xn, p0)− r)
≥ f−0 − δ−0 (d(xn, p0)− r) n−→ +∞,
where f−0 is the minimum value of f on S
−
r (p0) and δ
−
0 < 0 is the maximum value
of φ− on S−r (p0). 
Remark 2.3. Similar to [5, Proposition 2.5 and Lemma 2.6], it can be proved that
if a manifold M admits a C1 function f with locally Lipschitz differential, having
a unique critical point which is a global minimum and having compact sublevels
f c = {x ∈M | f(x) ≤ c}, c ∈ R, then it is contractible. So a forward or backward
complete Finsler manifold admitting a C2 convex function having a non-degenerate
minimum point is contractible (observe that in this case the sublevels of f are
compact as a consequence of the Finslerian Hopf-Rinow theorem and Proposition
2.2). Apart from those in [5], other results about the topological and differentiable
structure of a Riemannian manifold endowed with a (non-necessarily C2) convex
function can be found in [1, 17, 18].
Theorem 2.4. Let (M,F ) be a forward or backward complete Finsler manifold
that admits a C2 function f : M → R with positive definite Hessian Hf everywhere
and that has a minimum point. If p and q are non-conjugate points of M , then the
number of geodesics in M joining p and q is finite.
Proof. We begin by showing that a compact subset C ⊂ M containing the image
of every geodesic joining p and q does exist. Indeed, set
d = max{f(p), f(q)},
since convex functions reach the maximum at the endpoints of the interval, it
follows that f(γ(s)) ≤ d and γ([0, 1]) ⊆ fd. By Proposition 2.2 and the Finslerian
Hopf-Rinow theorem, the subset C = fd is compact.
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We now claim that there exists a constant E0 such that
F (γ, γ˙) ≤ E0, (1)
for every geodesic γ : [0, 1] → M connecting p to q. To prove it by contradiction,
let us assume that there exists a sequence of geodesics γn : [0, 1] → M joining p
and q and having constant speed En with En → +∞, as n → ∞. Consider the
speed one geodesics yn : [0, En]→ M given by yn(s) = γn(s/En). The sequence of
vectors {y˙n(0)} ⊂ TpM admits a subsequence converging to v ∈ TpM . Moreover,
as the images of the curves yn are contained in C, the image of the geodesic y, such
that y(0) = p and y˙(0) = v, is also contained in C. Since Hf is positive definite,
there exists a constant λ0 = λ0(C) > 0 such that, for all p ∈ C and all v ∈ TpM ,
the following holds:
(Hf )(p,v)(v, v) ≥ λ0F 2(p, v).
So if we set ρ(s) = f(y(s)), then
ρ′′(s) = (Hf )(y(s),y˙(s))(y˙(s), y˙(s)) ≥ λ0F 2(y(s), y˙(s)) = λ0 > 0,
for every s ∈ [0,+∞) and hence lims→∞ ρ(s) = +∞, which is in contradiction to
the fact that the image of y is contained in the compact set C.
Now we can conclude the proof observing that if there exists an infinite num-
ber of geodesics connecting p to q, we can consider a sequence of such geodesics
γm : [0, 1] → M , having initial vectors γ˙m(0). From (1), the sequence γ˙m(0) is
contained in a compact subset of TpM ; hence, it converges, up to pass to a sub-
sequence, to a vector v ∈ TpM . Then, by a standard argument on the continuous
dependence of solutions of ODEs with respect to initial data, the geodesics γm
uniformly converge to the geodesic γ : [0, 1] → M satisfying the initial conditions
γ(0) = p, γ˙(0) = v. By uniform convergence, we also have γ(1) = q. Thus, the
Finslerian exponential map expp is not injective in a neighborhood of v, in con-
tradiction with the fact that p and q are two non-conjugate points (see [2, Prop.
7.1.1]). 
Remark 2.5. It is well known that if a manifold M is non-contractible in itself (for
instance M is compact), then for any Finsler metric F on the manifold M , there
exist infinitely many geodesics joining two arbitrary points p and q of M , see [6].
On the other hand, as in the Riemannian case, there are circumstances in which
the number of geodesics connecting any two points on (M,F ) is exactly equal to 1.
For instance, the Cartan-Hadamard Theorem holds for forward complete Finsler
manifolds having non positive flag curvature; thus if M is simply connected, the
exponential map is a C1 diffeomorphism from the tangent space at any point of
M onto M (see [2, Theorem 9.4.1]). Under the assumptions of Theorem 2.4, the
existence of infinitely many geodesics is excluded, but the existence of multiple
geodesics between two points is allowed. This fact seems to be interesting in the
gravitational lens effect, where a multiplicity of light rays occurs between an ob-
server and the world line of a source, see [16, 22].
3. Applications
3.1. Randers metrics. Let (M,h) be a Riemannian manifold and let ω be a one
form on M such that for any x ∈M ,
‖ω‖x = sup
v∈TxM\0
|ω(v)|√
h(v, v)
< 1. (2)
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Then the Randers metric associated with h and ω is the Finsler metric F on M
defined as
F (x, y) =
√
h(y, y) + ω(y). (3)
The couple (M,F ) with F given by (3) is called Randers manifold. Let us observe
that the condition ‖ω‖x < 1, for all x ∈M , implies not only that F is positive, but
also that it has fiberwise strongly convex square (see [2, §11.1]).
Such type of Finsler metrics, with h Lorentzian, were considered in 1941 by G.
Randers in a paper (see [23]) about the equivalence of relativistic electromagnetic
theory (where the four dimensional space-time is endowed with a metric of the form
(3)) and the five-dimensional Kaluza-Klein theory.
Remark 3.1. As observed in [6, Remark 4.1], if the Riemannian metric (M,h) is
complete and
‖ω‖ = sup
x∈M
‖ω‖x < 1, (4)
then the Randers manifold (M,F ) is forward and backward complete.
By using the Levi-Civita connection∇h of the metric h, the geodesic equations of
a Randers metric, parametrized to have constant Riemannian speed, can be written
as (see [2, p. 297])
∇hσ˙σ˙ =
√
h(σ˙, σ˙)Ωˆ(σ˙), (5)
where Ωˆ is the (1, 1)-tensor field metrically equivalent to Ω = dω, i.e for every
(x, v) ∈ TM , Ω(·, v) = h(·, Ωˆ(v)). We observe that if we define a vector field B
such that ω(v) = h(B, v), then Eq. (5) can be expressed as
∇hσ˙σ˙ =
√
h(σ˙, σ˙)CurlB(σ˙),
where CurlB(v) is the vector satisfying
h(CurlB(v), w) = h(∇hwB, v)− h(∇hvB,w)
for every v, w in TxM .
The existence of convex functions is known for several classes of Riemannian
manifolds. For instance, let M = RN and let h0 be the standard Riemannian
metric on RN and consider a conformally equivalent metric h to h0, so there exists
a smooth, positive function η : RN → R such that h = η(x)h0. Then, if
η(x) − 3
2
|∇η| · |x| > 0,
where | · | denotes the Euclidean norm, then the function G(x) = |x|2 is strictly
convex for the conformal metric h (see [14, Lemma 3.1]). Moreover, if (M,h)
is a complete non-compact manifold having non-negative sectional curvature, the
Busemann function with changed sign is convex (see [11]). Finally, on a simply
connected complete Riemannian manifold with non-positive sectional curvature the
smooth function x→
(
disth(x0, x)
)2
, x0 ∈M , is strictly convex (see [5]).
Let (M,F ) be a Randers manifold, with F given by (3). Our aim is to give
conditions on the associated vector field B and on the covariant differential ∇hB
ensuring that a convex function with respect to the metric Riemannian h is still
convex with respect to the Randers metric F . To this end, we need to write the
equation satisfied by a geodesic, parametrized with constant Randers speed, using
the Levi-Civita connection ∇h and not the Chern connection. Since geodesics
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joining two fixed points are the critical points of the length functional (with respect
to the Randers metric F )
L(γ) =
∫ 1
0
[√
h(γ˙, γ˙) + ω(γ˙)
]
ds,
they satisfy the Euler-Lagrange equations
∇hσ˙
(
σ˙/
√
h(σ˙, σ˙)
)
= Ωˆ(σ˙)
and, after some straightforward computations, we obtain
−
d
ds (
√
h(σ˙, σ˙))√
h(σ˙, σ˙)
σ˙ +∇hσ˙σ˙ =
√
h(σ˙, σ˙)Ωˆ(σ˙).
If σ is parametrized with constant Randers speed
√
h(σ˙, σ˙) + ω(σ˙), we can replace
the term dds (
√
h(σ˙, σ˙)) in the last equation by the term − dds (ω(σ˙)), obtaining
∇hσ˙σ˙ =
√
h(σ˙, σ˙)Ωˆ(σ˙)−
d
ds (ω(σ˙))√
h(σ˙, σ˙)
σ˙. (6)
In the next proposition we compute (Hf )(y, y), for each (x, y) ∈ TM \ 0, using
the Levi-Civita connection of h.
Proposition 3.2. Let f : M → R be a C2 function. For each (x, y) ∈ TM \ 0 we
have
Hf (y, y) = H
h
f (y, y) +
√
h(y, y) h
(∇hf,CurlB(y))
− h(∇
hf, y)
F (x, y)
(
h(∇hyB, y) +
√
h(y, y) h(B,CurlB(y))
)
, (7)
where ∇hf and Hhf denote, respectively, the gradient and the Hessian of f with
respect to the metric h.
Proof. Let σ be a geodesic of (M,F ) parametrized with constant Randers speed
and such that σ(0) = x, σ˙(0) = y. We set ρ(s) = f(σ(s)). From Eq. (6), recalling
that for any (x, v) ∈ TM , Ωˆ(v) = CurlB(v), we get
ρ′′(s) =Hhf (σ˙, σ˙) + h(∇hf,∇hσ˙σ˙)
=Hhf (σ˙, σ˙) + h(∇hf,
√
h(σ˙, σ˙) CurlB(σ˙))−
d
ds (h(B, σ˙))√
h(σ˙, σ˙)
h(∇hf, σ˙). (8)
Now observe that from (6), we get
d
ds
(h(B, σ˙)) =
√
h(σ˙, σ˙)
F (σ, σ˙)
(
h(∇hσ˙B, σ˙) +
√
h(σ˙, σ˙)h(B,CurlB(σ˙))
)
. (9)
Substituting (9) into (8) we obtain (7). 
Now we give a condition which ensures that a h-convex C2 function is also convex
with respect to F . We denote by | · | the norm with respect to the Riemannian
metric h and by ‖ · ‖ the corresponding norms for tensor fields on M .
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Proposition 3.3. Let f : M → R be a C2 function which is convex with respect
to the Riemannian metric h. Assume that f has a strictly positive Riemannian
Hessian Hhf = ∇h(df), i. e. there exists a strictly positive function λ : M → R
such that Hhf (v, v) ≥ λ(x)|v|2, for all (x, v) ∈ TM . Moreover assume that
3‖df‖‖∇hB‖/(1− |B|) < λ(x).
Then f is strictly convex with respect to the Randers metric F .
Proof. We have ∣∣h(∇hf,√h(y, y)CurlB(y))∣∣ ≤ 2‖∇hB‖‖df‖|y|2
and ∣∣∣∣h(∇hf, y)F (x, y)
(
h(∇hyB, y) +
√
h(y, y)h(B,CurlB(y))
)∣∣∣∣
≤ 1
(1 − |B|)|y|
(‖∇hB‖|y|2 + 2‖∇hB‖|B||y|2) ‖df‖|y|
= ‖∇hB‖1 + 2|B|
1− |B| ‖df‖|y|
2.
Thus, from (7) we obtain
Hf (y, y) ≥
(
λ(x) − 3‖df‖‖∇B‖
1− |B|
)
|y|2 > 0.

From the above proposition, Theorem 2.4 and Remark 3.1, the following propo-
sition also holds.
Proposition 3.4. Let M be a smooth manifold and let F be a Randers metric
on M satisfying (4) and assume that the Riemannian metric h on M is complete.
Assume that there exists a C2 function f : M → R having a minimum point and
Hessian Hhf satisfying
Hhf (v, v) ≥ λ(x)|v|2,
for some positive function λ : M → R and for any (x, v) ∈ TM . If
‖df‖‖∇B‖/(1− |B|) < λ(x),
then, for any couple p and q of non-conjugate points for (M,F ), there exists only a
finite number of geodesics connecting p to q with respect to the Randers metric F .
Remark 3.5. The hypothesis that the points x0 and x1 are non-conjugate is a rea-
sonable assumption to have only a finite number of geodesics between two points
on a Riemannian or a Finsler manifold (for example it forbids the existence of a
continuum of geodesics with endpoints x0 and x1). Anyway it is not a necessary
condition. Indeed on a Randers manifold, by using Stationary-to-Randers corre-
spondence [8] (see also next subsection) and some bifurcation results for lightlike
geodesics in a Lorentzian manifold (see [20, Proposition 13]), it can be proved that if
x0 and x1 are conjugate along the geodesic γ, γ : [0, 1]→M , γ(0) = x0, γ(1) = x1,
then there exists a continuum (γε)ε∈[0,ε0) of geodesics, γε : [0, a] → M , a > 1, and
a function s = s(ε) : [0, ε0) → [0, a] such that γε(0) = x0, for each ε ∈ [0, ε0),
s(ε)→ 1, γ˙ε(0)→ γ˙(0), as ε→ 0, and γε(s(ε)) = γ(s(ε)).
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Moreover, by Sard’s Theorem and the fact that conjugate points are critical
values of the exponential map, we know that the set of non-conjugate points to a
given point x0 is generic in M . Again using Stationary-to-Randers correspondence
and a recent result about genericity of the condition for being a point and a line in
a standard stationary spacetime non-conjugate (see [12, 13]), we have that the set
of all the C2 Riemannian metrics h and the set of all the C2 one-forms ω on M ,
for which two fixed distinct points x0, x1 ∈ M are non-conjugate in the Randers
manifold (M,
√
h + ω), are generic in the sets of all the bilinear forms and all the
one-forms onM , with respect to a suitable topology (in particular, such a topology
implies C2-convergence on compact subsets of M). Finally we mention that a
systematic study of the Finslerian cut locus can be found in [19].
3.2. Applications to stationary spacetimes. In this subsection, we apply the
results in Section 2 to the study of causal geodesics connecting a point to a timelike
curve on a standard stationary Lorentzian manifold.
A standard stationary spacetime is a Lorentzian manifold (L, l), where L splits as
a product L = M ×R, M is endowed with a Riemannian metric g0, and there exist
a vector field δ and a positive function β on M such that the Lorentzian metric l
on L is given by
l((y, τ), (y, τ)) = g0(y, y) + 2g0(δ, y)τ − β(x)τ2, (10)
for any (x, t) ∈ M × R and (y, τ) ∈ TxM × R. We observe that a stationary
spacetime, that is, a Lorentzian manifold which admits a timelike Killing field,
is standard whenever the timelike Killing field is complete and the spacetime is
distinguishing (see [21]).
A curve (x(s), t(s)) in L is a future-pointing lightlike geodesic if and only if x is
a geodesic for the Randers metric, that we call Fermat metric, defined as
F (x, y) =
√
p(δ, y)2 + p(y, y) + p(δ, y), (11)
where p = 1
β
g0, parametrized with constant Riemannian speed p(x˙, x˙) + p(δ, x˙)
2,
and t coincides, up to a constant, with the Fermat length of x (see [6, Theorem
4.5]).
We need to express the equation satisfied by Fermat geodesics using the Levi-
Civita connection of the metric p. For this reason we denote by | · |0 the norm with
respect to the Riemannian metric g0 and by ∇ the Levi-Civita connection of g0 or
the gradient with respect to g0, | · |1 and ∇˜ denote the norm and the Levi-Civita
connection of p, while ‖ · ‖0 and ‖ · ‖1 denote the corresponding norms of the tensor
fields on M . Moreover, in this subsection we set h(·, ·) = p(δ, ·)2 + p(·, ·).
Lemma 3.6. A curve γ in (M,F ), F defined in (11), parametrized with constant
Riemannian speed h(γ˙, γ˙), is a geodesic of (M,F ) if and only if it satisfies the
equation
∇˜γ˙ γ˙ = F (γ, γ˙)Ω˜(γ˙)− d
ds
(
p(δ, γ˙)
)
δ, (12)
where Ω˜(y) = ∇˜∗δ(y)−∇˜δ(y), ∇˜δ(y) = ∇˜yδ and ∇˜∗δ is the adjoint with respect to
p of ∇˜δ.
Proof. Consider the length functional of the Fermat metric
L(x) =
∫ 1
0
[√
p(δ(x), x˙)2 + p(x˙, x˙) + p(δ(x), x˙)
]
ds. (13)
FINSLER GEODESICS IN THE PRESENCE OF A CONVEX FUNCTION 11
Let ∇˜ be the Levi-Civita connection of the Riemannian metric p; the Euler-Lagrange
equations of the functional (13) can be written as
− ∇˜γ˙
(
γ˙ + p(δ, γ˙)δ√
h(γ˙, γ˙)
)
+
p(δ, γ˙)∇˜∗δ(γ˙)√
h(γ˙, γ˙)
+ ∇˜∗δ(γ˙)− ∇˜δ(γ˙) = 0. (14)
Hence, if γ is parametrized to have constant Riemannian speed, we get:
∇˜γ˙ γ˙ = −∇˜γ˙
(
p(δ, γ˙)δ
)
+ p(δ, γ˙)∇˜∗δ(γ˙) +
√
h(γ˙, γ˙)
(
∇˜∗δ(γ˙)− ∇˜δ(γ˙)
)
= − d
ds
(
p(δ, γ˙)
)
δ + p(δ, γ˙)
(
∇˜∗δ(γ˙)− ∇˜δ(γ˙)
)
+
√
h(γ˙, γ˙)
(
∇˜∗δ(γ˙)− ∇˜δ(γ˙)
)
= F (γ, γ˙)Ω˜(γ˙)− d
ds
(p(δ, γ˙) δ.
By computing p(∇˜γ˙ γ˙, γ˙) we can easily see that any solution of (12) has constant
h-Riemannian speed and it satisfies equation (14). 
Lemma 3.7. A geodesic σ of (M,F ), F defined in (11), parametrized with constant
Randers speed
√
h(σ˙, σ˙) + p(δ, σ˙) satisfies the equation
∇˜σ˙σ˙ = F (σ, σ˙)Ω˜(σ˙)−
d
ds (p(δ, σ˙))√
h(σ˙, σ˙)
(σ˙ + F (σ, σ˙)δ) . (15)
Proof. Since σ has constant Randers speed, we have that
d
ds
√
h(σ˙, σ˙) = − d
ds
(p(δ, σ˙)).
Using this equality in (14), we obtain (15). Computing p(∇˜σ˙σ˙, σ˙), we deduce that
the solutions of (15) have constant Randers speed, so that they are solutions of the
Euler-Lagrange equations (14). 
We observe that a link between the geodesics of a Randers metric and those
of a stationary spacetime also exists for timelike geodesics of (L, l). Indeed, each
timelike geodesic of (L, l), l as in (10), can be seen as the projection on L of a
lightlike geodesic in the stationary spacetime (L˜, l˜), where L˜ = M × R× R and
l˜((y, v, τ), (y, v, τ)) = g0(y, y) + v
2 + 2g0(δ, y)τ − β(x)τ2. (16)
More precisely, as it was observed in [6, Section 4.3], a curve z(s) = (x(s), u(s), t(s))
in L˜ is a lightlike geodesic if and only if (x(s), t(s)) is a timelike geodesic of (L, l)
and u˙(s) is constant and equal to E, where −E2 = l((x˙(s), t˙(s)), (x˙(s), t˙(s))). We
recall that a timelike geodesic is parametrized with respect to proper time if E = 1.
As a consequence, the existence of timelike geodesics with arrival proper time equal
to a given T > 0 and joining a point (x0, ̺0) to a timelike curve ℓ(̺) = (x1, ̺)
can be deduced from the existence of geodesics connecting (x0, 0) to (x1, T ) on the
manifold N = M × R endowed with the Fermat metric F˜ , where F˜ is given by
F˜ ((x, u), (y, v)) =
√
1
β(x)
(g0(y, y) + v2) +
1
β(x)2
g0(δ, y)2 +
1
β(x)
g0(δ, y), (17)
for all ((x, u), (y, v)) ∈ TN . Indeed, a curve (x, t) : [0, T ]→ L is a future-pointing
timelike geodesic of (L, l), parametrized with respect to proper time, if and only if
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[0, T ] ∋ s → (x(s), u(s), t(s)) ∈ L˜ is a lightlike geodesic (and therefore u(s) = s up
to an initial constant). At the same time, this fact is equivalent to the requirement
that the curve [0, T ] ∋ s → (x(s), u(s)) ∈ N is a geodesic of (N, F˜ ), parametrized
with constant Riemannian speed 1 and t = t(s) equal, up to an additive constant,
to the length with respect to F˜ of the curve (x(r), u(r)), r ∈ [0, s].
Before stating the main result of this section, we need the following definition:
Definition 3.8. Let (L, l) be a Lorentzian manifold, p ∈ L and ℓ : (a, b) → L a
timelike curve such that p 6∈ ℓ((a, b)). We say that p and γ are future lightlike
(resp. T -timelike) non-conjugate, if the points p and γ(1) (resp. γ(T )) are non-
conjugate along γ, for all the future-pointing lightlike geodesics γ : [0, 1]→ L (resp.
timelike geodesics γ : [0, T ] → L parametrized with respect to proper time) such
that γ(0) = p and γ(1) ∈ ℓ((a, b)) (resp. γ(T ) ∈ ℓ((a, b))).
Remark 3.9. It can be proved (see Theorem 3.2 of [7]) that if (L, l) is a standard
stationary spacetime then a point (x0, ̺0) ∈ L and a curve ℓ(̺) = (x1, ̺), with
x0, x1 ∈M , x0 6= x1, are future lightlike non-conjugate if and only if x0 and x1 are
non-conjugate in the Randers manifold (M,F ).
Remark 3.10. Analogously, if the point (x0, ̺0) and the curve ℓ are future T -timelike
non-conjugate, then the points (x0, 0) and (x1, T ) are non-conjugate in (N, F˜ ). This
can be seen by using the extended stationary spacetime (L˜, l˜) and the associated
Randers manifold (N, F˜ ). Indeed, by the fact that any Jacobi vector field along
a geodesic in (L˜, l˜) has u component which is an affine function, if the points
(x(0), t(0)) = (x0, ̺0) and (x(T ), t(T )) ∈ ℓ(R) are non-conjugate along any timelike
geodesic s ∈ [0, T ] 7→ (x(s), t(s)) in (L, l) parametrized with respect to proper
time and connecting them, then the points (x(0), 0, t(0)) and (x(T ), T, t(T )) are
non-conjugate along any lightlike geodesic (x(s), s, t(s)) in (L˜, l˜) connecting them.
Therefore, by [7, Theorem 3.2], the points (x0, 0) and (x1, T ) are non-conjugate in
(N, F˜ ).
Next proposition follows the same lines as Proposition 4.7 in [15], but we point
out that in the latter there is an error in the hypotheses that δ and β have to satisfy.
Thus, for the sake of clearness, we redo the proof with slight changes. In addition,
we obtain a new result about the finiteness of the number of timelike geodesics
parametrized with respect to proper time on a given interval.
Proposition 3.11. Let (L, l) be a standard stationary Lorentzian manifold, with
l as in (10). Assume that (M, g0) admits a C
2 convex function f : M → R with a
minimum point and strictly positive definite Hessian Hg0f . If
sup
x∈M
|δ|0√
β(x)
≤ C,
for some C ∈ R+, and the functions ‖∇δ‖0/
√
β(x) and |∇β|0/β(x) are small
enough, then there exists at most a finite number of future-pointing lightlike geodesics
joining the point (x0, ̺0) with the curve ℓ(̺) = (x1, ̺), (x0, ̺0) and ℓ being future
lightlike non-conjugate. Moreover if the point (x0, ̺0) and the curve ℓ are future
1Notice that any regular curve γ : [0, T ] → M in a Randers manifold (M,F ), parametrized with
constant Randers speed, can be parametrized on the same interval [0, T ] with constant Riemannian
speed.
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T -timelike non-conjugate, the number of future-pointing timelike geodesics from
(x0, ̺0) to ℓ and having arrival proper time equal to T is also at most finite.
Proof. By definition of strictly positive definite Hessian (with respect to the metric
g0), there exists a function λ0 :M → (0,+∞) such that
Hg0f (v, v) ≥ λ0(x)|v|20,
for all x ∈ M and v ∈ TxM . Let x : [a, b] → M be a geodesic of (M,F ), F as in
(11), and define ρ(s) = f(x(s)). Then f is strictly convex for F if ρ′′(s) > 0 for
every geodesic x. We compute ρ′′ using the Hessian of f with respect to g0:
ρ′′(s) = Hg0f (x˙, x˙) + g0(∇f,∇x˙x˙) ≥ Hg0f (x˙, x˙)− |∇f |0|∇x˙x˙|0. (18)
From Eq. (15), observing that
|x˙+ F (x, x˙)δ|1 = F (x, x˙)
√
1 + |δ|21,
we get
|∇˜x˙x˙|1 ≤ 2F (x, x˙)‖∇˜δ‖1|x˙|1 +
| dds (p(x˙, δ))|√
|x˙|21 + p(δ, x˙)2
F (x, x˙)
√
1 + |δ|21. (19)
By using Eq. (15) again in
d
ds
(p(x˙, δ)) = p(∇˜x˙x˙, δ) + p(x˙, ∇˜x˙δ)
we obtain
d
ds
p(x˙, δ) =
√
|x˙|21 + p(δ, x˙)2
F (x, x˙)(1 + |δ|21)
(
F (x, x˙)p
(
Ω˜(x˙), δ
)
+ p(x˙, ∇˜x˙δ)
)
. (20)
Finally, substituting Equation (20) into (19), by F (x, x˙) ≤ |x˙|1(1 + 2|δ|1) and the
Cauchy-Schwartz inequality, we deduce that
|∇˜x˙x˙|1 ≤ |x˙|21‖∇˜δ‖1H(|δ|1), (21)
where
H(r) =
1√
1 + r2
(
2(1 + 2r)(
√
1 + r2 + r) + 1
)
.
We observe that for every couple of vector fields X ,Y of the manifold M , it holds
that
∇˜XY = ∇XY + β
2
((Xβ−1)Y + (Y β−1)X − g0(X,Y )∇β−1)
(see, for example, [10, p. 181]). Hence, after some calculations, we get
|∇x˙x˙|0 ≤ |∇˜x˙x˙|0 + 3|∇β|0
2β(x)
|x˙|20; ‖∇˜δ‖0 ≤ ‖∇δ‖0 +
3
2
|δ|0 |∇β|0
β(x)
. (22)
As ‖∇˜δ‖1 = ‖∇˜δ‖0 and |∇˜x˙x˙|0 =
√
β(x)|∇˜x˙x˙|1, by using inequalities (21) and (22)
we get
|∇x˙x˙|0 ≤ |x˙|20
[(
‖∇δ‖0√
β(x)
+
3
2
|δ|0√
β(x)
|∇β|0
β(x)
)
H
(
|δ|0√
β(x)
)
+
3
2
|∇β|0
β(x)
]
.
Since we have assumed that supx∈M
|δ|0√
β(x)
≤ C, if ‖∇δ‖0√
β(x)
and |∇β|0
β(x) are small
enough, Eq. (18) implies that f is a strictly convex function. Moreover, let us
observe that the hypothesis supx∈M
|δ|0√
β(x)
≤ C, for some C ∈ R and completeness
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of g0, imply forward and backward completeness of the Fermat metric (see Remark
3.1 and [6, Remark 4.13, Eq. (47)]). From Remark 3.9, the points x0 and x1 are
non-conjugate in (M,F ) and then by Theorem 2.4 we conclude that the number
of lightlike geodesic is finite. In the case of geodesics parametrized with respect to
proper time and having fixed arrival proper time T , we observe that the metric l˜ in
(16) is a stationary Lorentzian metric with δ˜ = (δ, 0) and β˜(x, u) = β(x), so that we
aim to apply the first part of the theorem to (L˜, l˜), the point (x0, 0, ̺0) and the line
R ∋ ρ 7→ (x1, T, ρ) ∈ L˜. It is clear that the hypotheses on δ˜ and β˜ are also satisfied
in this case. To show the existence of a convex function, we proceed as follows:
consider a real strictly convex function g : R → R having a minimum point. The
summation f + g : M × R → R defined as (f + g)(x, y) = f(x) + g(y) is a strictly
convex function for the metric g0 + du
2, and it has a minimum point. As in the
proof of Proposition 4.14 in [6], we obtain the completeness of (N, F˜ ), F˜ defined in
(17). From Remark 3.10, the points (x0, 0) and (x1, T ) are non-conjugate in (N, F˜ )
and applying again Theorem 2.4, we complete the proof. 
3.3. Zermelo’s problem of navigation on Riemannian manifolds. The prob-
lem that we study in this section concerns the effects of a mild wind in a Riemannian
landscape (M, g). This problem is known as Zermelo’s navigation problem (see [27])
and it was treated by C. Carathe´odory in [9] when the background is R2. Z. Shen
has recently generalized it to arbitrary Riemannian backgrounds in any dimension
(see [25]). Following [3], we know that if the mild wind is represented by a vector
field W on M such that |W | < 1, for each x ∈M , (| · | is the norm associated to g)
the trajectories that minimize (or more generally make stationary) the travel time
are the geodesics of the metric
F (x, y) =
√
g(W, y)2 + |y|2α(x)
α(x)
− g(W, y)
α(x)
, (23)
where α(x) = 1 − |W |2. Metrics as in (23) are of Randers type and in [3] they
are used to classify Randers metrics with constant flag curvature, while in [24] a
classification of their geodesics is obtained when W is an infinitesimal homothety.
Moreover these metrics are very similar to Fermat metrics in standard stationary
spacetimes. The only difference is that the one-form in the Randers metric has the
opposite sign and there is a constraint over β, that is, β(x) = 1 − |δ|2. Thus, a
Zermelo metric is a Fermat metric with β = α and δ = −W .
Remark 3.12. If supx∈M |W | = µ < 1 and the Riemannian metric g is complete,
then the Zermelo metric is also forward and backward complete. This is because
from equation (47) in [6] we obtain
sup
x∈M
‖ωx‖ ≤ sup
x∈M
|W (x)| = µ < 1,
where ‖ω‖ is the norm of the 1-form ω with respect to the metric
h(y, y) =
1
α(x)
g(y, y) +
1
α2(x)
g(y,W )2.
As also 1
α
g is complete, applying Remark 3.1, we deduce the completeness of the
Zermelo metric.
From the above remark, the result in Proposition 3.11 can also be proved for
Zermelo metrics.
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Proposition 3.13. Let (M, g) be a complete Riemannian manifold, W be a vector
field in M such that supx∈M |W (x)| = µ < 1 and α(x) = 1 − |W |2. Assume
that (M, g) admits a C2 convex function f : M → R having a minimum point and
strictly positive definite Hessian. If supx∈M ‖∇W‖ is small enough, then there
exists a finite number of Zermelo geodesics joining two non-conjugate points of
(M,F ), being F the Randers metric defined in (23).
Proof. The completeness of the Zermelo metric follows from Remark 3.12. For the
existence of the convex function, it is enough to observe that
|∇(1 − |W |2)|
1− |W |2 =
|∇|W |2|
1− |W |2 <
2
1− µ2 |W |‖∇W‖ <
2
1− µ2 ‖∇W‖
and also to apply Proposition 3.11. 
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